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Effect of incoherent scattering on shot noise correlations in the quantum Hall regime
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We investigate the effect of incoherent scattering in a Hanbury Brown and Twiss situation with
electrons in edge states of a three-terminal conductor submitted to a strong perpendicular magnetic
field. The modelization of incoherent scattering is performed by introducing an additional voltage
probe through which the current is kept equal to zero which causes voltage fluctuations at this
probe. It is shown that inelastic scattering can lead in this framework to positive correlations,
whereas correlations remain always negative for quasi-elastic scattering.

I. INTRODUCTION

The effect of incoherent scattering on transport and
noise in mesoscopic structures has been of interest in a
number of previous works (for review see [1,2]). In this
paper we are interested in the effect of inelastic and quasi-
elastic scattering on the correlations of the current in a
structure submitted to a strong magnetic field so that
the current is carried by edge states propagating along
the boundary of the sample (see figure 1).

To demonstrate the reality of edge states [3] (despite
their small contribution to the overall density of states)
the possibility of creating a non-equilibrium population
[4] has been crucial. Several experiments have investi-
gated the equilibration of edge states selectively popu-
lated with the help of various contacts by transport mea-
surements [5–8]. A natural problem is to investigate the
effect of inter-edge state scattering on the noise on such
structures.

Recently, Hanbury Brown and Twiss (HBT) experi-
ments studying current correlations using partially de-
generate stream of fermions were performed [9,10], start-
ing from the idea [11] of using the edge states in a conduc-
tor submitted to a strong magnetic field. A Y-structure
is discussed in Ref. [12] and a HBT experiment without a
magnetic field has also been realized [13]. Here we are in-
terested in the experimental arrangement of Oberholzer
et al. [10] which is depicted in figure 1, with the only dif-
ference that the magnetic field, in this experiment, was
adjusted in such a way that only one spin-degenerate edge
state (filling factor ν = 2) carries the current, and not
two, as it is represented on the figure. Contact 1, which
is at a potential eV above the potentials of the two other
contacts, acts as a carrier source and contacts 2 and 3 as
detectors for the beams of electrons. The incident beam
is splitted at two quantum point contacts (QPC) which
can be tuned by applied voltages. In the following we
will denote by T1 and R1 = 1 − T1 the transmission and
reflection coefficients at QPC at contact 1, and introduce
T3 and R3 for QPC at contact 3. The quantity of inter-
est in this experiment, revealing statistical properties of
the carriers, is the correlation S23 = 〈∆I2∆I3〉 between

the current at the two contacts. Compared to the initial
experiment by Henny et al. [9] the experiment by Ober-
holzer et al. [10] introduces fluctuations in the incident
beam and thus the current correlations are not deter-
mined already from current conservation alone. In the
following we will be interested in the case where the dis-
tance between the QPC’s is long so that incoherent pro-
cesses may occur along this edge. If only one edge state
is populated, phase breaking processes are of little in-
terest since S23 measures quantum-statistical properties
of the carriers revealed by the separation of the beam
at QPC 3, and what happens before this separation is
of little importance. We can indeed check that the in-
troduction of incoherent processes within the framework
that will be used in the following does not affect the auto-
correlations (noise) and the correlations if only one edge
state is present.
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FIG. 1. Experimental arrangement of [10]. The two edge
states are populated at contact 1. One of those channels is
perfectly transmitted the other being partially transmitted at
QPC 1. The transmission may be tuned by an applied gate
voltage. QPC 3 splits the partially degenerate beam and dis-
tributes the current to contacts 2 and 3 where it is measured.
Without inter-edge state scattering, the perfectly transmitted
channel does not manifest itself on the correlations.

In contrast, when several edge states are populated,
inter-edge state scattering along one boundary may cause
a redistribution of the carriers between the edge states
and thus modify the noise properties of each channel.
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This is the situation that will interest us in this paper.
Inter-edge state scattering centers were investigated ex-
perimentally very recently [14]. We will not take into
account the spin degeneracy which only would multiply
the conductances and the noise by a factor 2.

The inelastic [15,16,1] and quasi-elastic scattering
[1,17] are modeled by introducing an additional probe
at the edge along which incoherent scattering occurs (see
figure 2). We have to impose that the current through
this probe is zero at any time. This approach, followed
in a number of works [1,15,17–22] (see [2] for a review),
has the advantage to reduce the problem to the study of
coherent scattering in a conductor with one additional
contact. The method will be recalled in more detail in
the following.

In the first section we are interested in the situation
where only coherent scattering is present. In the follow-
ing section we describe the influence of incoherent scat-
tering along the long edge of the sample.

II. COHERENT SCATTERING

We first discuss the situation when only elastic scat-
tering is present in the system. We consider the sit-
uation depicted in figure 1 where the magnetic field is
chosen so that two edge states are populated. The edge
state associated with the lowest Landau level (LL) is per-
fectly transmitted at the two QPC’s whereas the second
edge state associated with the second LL is only partially
transmitted at the QPC’s. We are interested in the cur-
rent correlations between contacts 2 and 3.

The noise spectrum is defined as Sαβ(ω)2πδ(ω +

ω′) = 〈∆Îα(ω)∆Îβ(ω′)+∆Îβ(ω′)∆Îα(ω)〉 with ∆Îα(ω) =

Îα(ω)− 〈Îα(ω)〉, where Îα(ω) is the Fourier transform of
the current operator at contact α. (For a recent pre-
sentation of the formalism and notations, see [2]). The
zero frequency limit will be denoted: Sαβ = Sαβ(ω = 0).
Following the scattering approach, we construct the scat-
tering matrix for the system to calculate the noise [23,2]:

Sαβ =
2e2

h

∫

dE
∑

γ,λ

Tr
{

Aα
γλAβ

λγ

}

fγ(1 − fλ) , (1)

where the matrices A’s are related to the on-shell S-
matrix: Aα

γλ = δαγδαλ − s†αγ(E)sαλ(E), fα being the
Fermi-Dirac distribution at the contact α. We consider
the case of zero temperature and will discuss at the end
the effect of temperature on some of the results.

Using this expression and the S-matrix we can com-
pute the correlations between the currents at contacts 2
and 3, which is eventually found to be [10]:

S23 = −2e2

h
|eV |R3T3T

2
1 , (2)

where R1, T1 and R3, T3 are the reflection and trans-
mission coefficients for the edge state corresponding to
the second LL at QPC 1 and 3, respectively. Since the
first edge state is totally transmitted through QPC’s, it
carries a noiseless current and does not contribute to
the noise or to the correlations. The R3T3 factor is the
usual partition factor due to the separation of the elec-
tron beam at QPC 3. The T 2

1 term is due to the fact
that the processes leading to correlations between con-
tacts 2 and 3 involve two electrons transmitted through
the QPC 1, which happens with probability T 2

1 .
Before discussing the effect of inelastic and quasi-

elastic scattering, we may consider first the effect of co-
herent scattering between the two edge states along the
upper edge. This question might seem academic but it
will be important to have this result in mind, to appre-
ciate the difference in the correlations S23 when the two
edge states exchange carriers coherently or incoherently.
Let us recall that in the presence of coherent scattering,
it was proven that correlations between two contacts are
always negative as a consequence of the fermionic nature
of the carriers∗ [23]. To describe coherent scattering be-
tween edge states we introduce the probability ε that an
electron, starting in one of the two channels, is scattered
into the other edge state when it travels between the two
QPC’s. Here we do not need to enter into more details
about the scattering however let us mention that it has
been studied within a microscopic approach in [24,25].
After having constructed the S-matrix, formula (1) gives
the correlations:

Scoh
23 = −2e2

h
|eV |R3

[

(1 − ε)2T3T
2
1 + ε2T3

+ε(1 − ε)(1 − 2R3T1 + T 2
1 )

]

. (3)

Let us now discuss a few limiting cases. If ε = 0 (no
inter-edge state elastic scattering) we fall back to the
previous situation (2). If ε = 1, the two edge states
are perfectly exchanged between the QPC’s and the cur-
rent separated by QPC 3 issues from the first edge state,
perfectly transmitted at QPC 1 and we have simply

Scoh
23 = − 2e2

h
|eV |R3T3. Note that the outer edge state

in contact 3 is not noiseless but these fluctuations are
not correlated with fluctuations at contact 2 and then do
not contribute to S23 since this edge state is not splitted
at QPC 3.

If T1 = 0 the correlation is Scoh
23 = − 2e2

h
|eV |[R3T3ε

2 +
ε(1 − ε)R3]. The first term is the partition noise for
the beam separated at QPC 3; this term is proportional
to the probability ε2 that two electrons are transmitted
from the first edge state to the second. The second term

∗ The proof applies only to conductors which are part of a
zero-impedance external circuit.
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is the partition noise due to the separation of the beam
between QPC’s. In this process, after the separation of
the beam, one electron is transmitted with probability 1
in the first edge state towards contact 3 and the other is
reflected with probability R3 towards contact 2.

Another interesting case occurs for T3 = 0. Then the
two edge states are perfectly separated at QPC 3. The
first edge state flows towards contact 3 whereas the sec-
ond goes to contact 2. This situation is particularly in-
teresting since it allows us to study separately the noise
spectrum of each edge state after having travelled along
the upper edge of the conductor. In the absence of scat-
tering between edge states, the currents remain uncor-
related, whereas if redistribution of charges occurs be-
tween edge states, it may induce correlations. For co-

herent scattering, we find: Scoh
23 = − 2e2

h
|eV |ε(1 − ε)R2

1.
The only separation of the beam that can cause corre-
lations occurs along the edge with usual partition fac-
tor ε(1 − ε); the factor R2

1 ensures that, if the cur-
rents in the two channels are noiseless before exchang-
ing carriers along the upper edge, they remain noiseless
and uncorrelated. Let us also give the currents auto-

correlations: Scoh
22 = 2e2

h
|eV |[R1T1(1 − ε)2 + ε(1 − ε)R1]

and Scoh
33 = 2e2

h
|eV |[R1T1ε

2+ε(1−ε)R1]. The noise spec-
tral densities have contributions from the splitting of the
beam at the first QPC and from the redistribution of the
charges between the QPC’s. Let us finally mention the
value of the noise when ε = 1/2, i.e. when the average
currents in the two edge states are equally equilibrated
due to scattering, then

Scoh
23 = −e2

h
|eV |R

2
1

2
for T3 = 0, ε = 1/2 (4)

and

Scoh
22 = Scoh

33 =
e2

h
|eV |1 + T1

2
R1 . (5)

Next we proceed to treat incoherent scattering.

III. INTRODUCTION OF INCOHERENT
SCATTERING

As we have already evoked, the presence of inelastic or
quasi-elastic scattering will be treated by adding a fic-
titious contact at the edge along which incoherent scat-
tering is expected to occur [15,1,2]. Let us remark that
the only place where it can have some influence on the
correlations is the edge between the two QPC’s where
we have introduced it (see figure 2). Since the current is
obviously conserved along the edge, we have to impose
that the current I4 through this contact is zero at any
time. The consequence is that the potential µ4 at this
probe is fluctuating.
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FIG. 2. Modelization of phase breaking processes along the
upper edge.

The average currents are related to the potentials
by the conductance: 〈Iα〉 = 1

e

∫

dE
∑

β Gαβ(E)f̄β(E),

where we recall that Gαβ = e2

h
(Nαδαβ − Tr{s†αβsαβ}),

Nα being the number of open channels at contact α. We
first discuss the inelastic case [15] for which we require
that the current is zero on average 〈I4〉 = 0 and that the
average distribution function at the fictitious contact is
an equilibrium Fermi distribution. This leads to the fol-
lowing expression for the average chemical potential at
contact 4:

µ̄4 = µ0 +
1 + T1

2
eV . (6)

The fact that I4 is zero on average determines the av-
erage distribution function at contact 4. We have also
to ensure that the fluctuating part of I4 remains zero.
At contact α the current may be written as Iα =
1
e

∫

dE
∑

β Gαβfβ + δIα, where δIα is the intrinsic part
of the fluctuations, whose spectrum is given by (1). We
now write the currents as Iα = 〈Iα〉 + ∆Iα. Imposing
that the fluctuating current is zero ∆I4 = 0 leads to the
relation δI4 = − 1

e
G44(µ4−µ̄4) which gives the expression

of the fluctuating part of the current:

∆Iα = δIα − Gα4

G44
δI4 , (7)

the first term corresponds to intrinsic fluctuations of the
current and the second term to the fluctuations due to
the existence of a fluctuating potential at contact 4.

In the quasi-elastic case [1] we impose that not only
the total current I4 =

∫

dE j4(E) is zero on average but
the contribution to the current of the states of energy E
is zero 〈j4(E)〉 = 0, which gives the averaged distribution
function at contact 4:

f̄4(E) =
1 + T1

2
f1(E) +

R1

2
f2(E) . (8)

The distribution function at the fictitious probe is plot-
ted in the two cases in figure 3. Since the integral of
these two distribution functions are equal, the currents
in the two edge states are equally equilibrated by these
two kinds of incoherent scattering. Indeed, if we com-
pute the average currents for T3 = 0, when the two edge

3



states are directed each to a different contact, we find in

the two cases: 〈I2〉 = 〈I3〉 = − e2

h
1+T1

2 V .

0 µ1

f4

µ
E

0

1

quasi-elastic

µ4
µ1µ0

f4 inelastic

0

1

E

FIG. 3. Distribution functions at the fictitious contact.

In the quasi-elastic case, the distribution function f4 is
itself a fluctuating quantity. Imposing that the contribu-
tion of the states of energy E to the fluctuating part of
the current at the fictitious contact is zero, ∆j4(E) = 0,
leads to a relation between the fluctuating part of the
distribution f4 − f̄4 and the contribution of those states
to the intrinsic noise δj4(E). This relation is of the same
form as (7): ∆jα(E) = δjα(E) − Gα4

G44

δj4(E).
Finally we find for the two different kinds of incoherent

scattering the current correlations Sin,qe
αβ = 〈∆Iα∆Iβ〉:

Sin,qe
αβ = Sαβ − Gα4

G44
Sβ4 −

Gβ4

G44
Sα4 +

Gα4Gβ4

G2
44

S44 . (9)

They involve the conductances Gαβ and the intrinsic cor-
relations Sαβ = 〈δIαδIβ〉 for the four-terminal conductor
of figure 2, calculated with formula (1) where the distri-
bution function at contact 4 is either a step like Fermi
function for the potential µ̄4 in the inelastic case (6),
or the average distribution f̄4 given by (8) in the quasi-
elastic case (see figure 3).

Let us now come to the results. First, for the quasi-
elastic case, we find:

Sqe
23 = −e2

h
|eV |R3

4

[

2T3(1 + T1)
2 + (1 + T3)R

2
1

]

. (10)

In particular, in the interesting limit T3 = 0 where the
two edge states are perfectly separated at QPC 3, we

get: Sqe
23 = − e2

h
|eV |R

2

1

4 , i.e. half of the result (4) ob-
tained when scattering between edge states is coherent.
The auto-correlations take the values: Sqe

22 = Sqe
33 =

e2

h
|eV |R1

2
1+3T1

2 .
More surprising is the result obtained for inelastic scat-

tering:

Sin
23 = −e2

h
|eV |R3

2

[

2T3(1 + T1) − (1 + T3)R1T1

]

(11)

leading to the possibility of positive correlations, as fig-
ure 4 shows (let us recall again that correlations in the
presence of coherent scattering only are always negative
due to the fermionic nature of carriers [23]). If T3 = 0,

we get Sin
23 = + e2

h
|eV |R1T1

2 . This result means that

this modelization of inelastic scattering gives the pos-
sibility for a fluctuation of the potential µ4 to inject in a
correlated way in the two channels some current. Let
us also mention the result for the noise in this limit:
Sin

22 = Sin
33 = e2

h
|eV |R1T1

2 .
If T1 = T3 = 0, only one edge state is transmitted at

QPC 1, the currents in the two channels are equilibrated
by inelastic processes between QPC’s, and finally the two
edge states are separated by QPC 3. We remark that
in this case the correlations and the noise vanish. This
shows that this modelization of inelastic process does not
introduce noise when it distributes the current of a noise-
less channel into two channels. (This is not the case if
coherent or quasi-elastic scattering occurs between edge

states: Scoh
23 = − e2

h
|eV |12 and Sqe

23 = − e2

h
|eV |14 ).

0 0.2 0.4 0.6 0.8 1

0.2

0.4
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0.094
��������
��������
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��������0

0 1

1

FIG. 4. Sign of correlations S
in

23 in the presence of inelastic
scattering. The dashed area corresponds to the region in the
parameter space where S

in

23 > 0.

Note that if more than two edge states carry the cur-
rent, still with only one partially transmitted and all oth-
ers being perfectly transmitted, the region in the para-
mater space where the correlations are positive dimin-
ishes.

Finally we would like to discuss the effect of a finite
temperature on the result (11) for T3 = 0. We will show
that for a high enough temperature Sin

23 is negative. For a
finite temperature T , the Fermi distributions at the three
contacts are smoothed as well as the average distribution
f̄4 at the fictitious contact. For T3 = 0, equation (1)
gives:

Sin
23 =

e2

h

[

− kBT (2 + R1 + R1T1)

+
R1T1

2
eV coth

eV

2kBT

]

. (12)

If T = 0 we indeed recover the positive result Sin
23 =

+ e2

h
|eV |R1T1

2 for the shot noise, and if V = 0 we find

Sin
23 = − 2e2

h
kBT

(

1 + R1

2

)

, which is the result of the
fluctuation-dissipation theorem: Sin

23 = 2kBT (Gin
23 +Gin

32)

where Gin
αβ = Gαβ − Gα4G4β

G44

is the conductance of the
three-terminal conductor in the presence of incoherent
scattering.
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Let us define Tc, the critical temperature above which
the correlations Sin

23 are negative. For small transmission
T1 ≪ 1 we find: kBTc ≃ |eV |T1

6 , and for large trans-

mission R1 ≪ 1: kBTc ≃ |eV |R1

4 . The transmission that

maximizes the critical temperature is T1 = 3−
√

6 ≃ 0.55.

In this case we have: kBT max
c ≃ |eV | 5

√
6−12

2(6
√

6−12)
≃ |eV |

21.8 .

IV. SUMMARY

To summarize we have shown that incoherent scatter-
ing can have a strong effect on the correlations in a HBT
situation. In our modelization, inelastic scattering is re-
sponsible for positive correlations in a certain parameter
range. We emphasize that the investigation of the corre-
lations with the conductor of figure 1 for T3 = 0 provides
direct information about inter-edge state scattering: in
the absence of inter-edge state scattering the correlation
S23 vanishes, for elastic scattering and for quasi-elastic
scattering it is negative and for inelastic scattering it is
positive. In principle it is possible to discriminate also be-
tween elastic inter-edge state scattering and quasi-elastic
scattering: in the case of elastic scattering a single pa-
rameter (ε) determines the noise spectra and the conduc-
tances if T1 and T3 are known.

We have constructed here only the limiting case of a fic-
titious contact. Partially transmitting contacts would al-
low to interpolate between fully coherent inter-edge state
scattering and fully quasi-elastic or fully inelastic inter-
edge state scattering.
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[4] M. Büttiker, Phys. Rev. B 38(14), 9375 (1988).
[5] B. J. van Wees, E. M. M. Willems, L. P. Kouwenhoven,

C. J. P. M. Harmans, J. G. Williamson, C. T. Foxon, and
J. Harris, Phys. Rev. B 39(11), 8066 (1989).

[6] S. Komiyama, H. Hirai, S. Sasa, and T. Fujii, Solid State
Commun. 73(2), 91 (1990).

[7] B. W. Alphenaar, P. L. McEuen, R. G. Wheeler, and
R. N. Sacks, Phys. Rev. Lett. 64(6), 677 (1990).

[8] G. Müller, D. Weiss, A. V. Khaetskii, K. von Klitzing,
S. Koch, H. Nickel, W. Schlapp, and R. Lösch, Phys. Rev.
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